
 

Lectured

In this lecture we'll prove various properties of
isomorphisms and homomorphisms We'll also study
about automorphisms of a group

Proposition1 Let g G G be an isomorphism

Then the following hold

D Yle e E is the identity of G
2 for a cG da Uca i en g takes

inverse of an element to the inverse of the

image
tf ne 21 AEG 6Can Ola

n

4 G is abelian 0 0 y G G is abelian

5 G is cyclic o G is cyclic Moreover if G ca's
then G head



6 For a c G Ord a ord da

7 y
t G G is also an isomorphism

8 for a fixed integer 12 and a cG the ofsolutions
to the equation sets a of solutions to the
equation sets Dca in G

9 If KE G then blk OCK REG a G

Proof

1 Since g G I is an isomorphism

Yle y Ce e 6 e Ole

Also since Olde G and E is the identity of
so

yce Dce E

from and we get

yes e Die Dce so by cancellation laws
e E



2 for a c G

Aa e p GlaceD Gla GlaD Dce e

yea ceca D

3 Just follows from the definition of an isomorph
Ism

4 We'll just prove one direction as the other

direction follows from 7

Let G be abelian Pick x y c G Since g is onto

F 9 BE G s t 4 a se

g b L
So Roy 4Ca 8lb y ab 9lb a D b yca

Jose

5 Again we'll just prove one direction It's

enough to show that da is a generator ofG



Let see G Since gis onto F be a Sot

PCb x But G La b ah ne 21
So yeah se from 3 we get
gCan Dca x D G Gca

6 het AEG and ordca n Then an _e

We know them e de Ican Pca

so ord Glas In
If ord glas K ceca k e

glak e Dce

Since he is one one Ake NIK
so NIR and RIN R n and hence ordcpcaD.is

7 6 is a bijection so y t G G is a bijec
lion Let se y C G There F a be a Sot

DC x and 8lb _y



So g se g g yea g b g Glab

ab y se g y
So g is a homomorphism as well

8 If b e G is a solution of x'Ea ie bk a

then 8lb is a solution of zk Dca

So of solutions in G E of solutions in G
But we can do the same thing with g G G

so of solutions in G E of solutions in G
and hence the result

9 Left as an exercise

Do

So with the help of the above properties we can

tell when two groups are not isomorphic



eg Consider Ullo and UCR

Ul lo I 3,719

12 1,517 ill

We saw that Ullo I 214 Is Udo UCR

Note that it's not hard to come up w a

bijection between Ullo and Ucr So all we need

to check is that whether there is a homomorphism

b w them

Note that Uco 37

However the orders of elements in UCR are

1 order I

5 order 2 SO can't be

7 order 2 cyclic and so from 5

11 order 2 can't be isomorphic to

U lo



e g Is G't E R x

where see a Ix to
R't ne Rl se to

Note that Eg G 112 is an

isomorphismthen GCD L as 1 is the identity in both

and IR

Let's look at the equation set L In it has

4 solutions 1 1 i i

In IR't the equation se 9CD I has only two
solutions I 1

So from 8 Gtx IR't not isomorphic

Automorphisms

There are some isomorphisms which are veryimportantand hence must be discussed separately



Deff Let G be a group An isomorphism of
G onto itself is called an automorphism

e.gg D The identity map I G G is clearly
an automorphism

2 Consider ol at Qt givenby
at b a its

This is an automorphism

Suppose G is a group Is there any otherautomorphismof G apart from the identity

Def Inner automorphism induced by a

hot G be a group and a c G The map

ya G G given by GaCgs aga is an

automorphism of G called the inner automorphism



of G induced by a

Check that Da is a bijection

To see that ya is a homomorphism het g he G
then

g h Agha Aga aha

ya g DaCh

Thus there are many automorphism of a group
Note that i ge g eye g
So be I Can ya I for any a c G
ate We'll see the answer to this question

after the First Isomorphism Theorem

theorem1 Let Aut G o G Glee is an isomor

phism be the set of automorphism of G Then
Aut G is a group with the operation o which is



composition of functions
If Inn G denote the set of inner automorphisms
of G then Inn G fl Aut G i.e Inn G is a

normal subgroup of Ant G
Proof The fact that AutCG is a group and

Inn G E AutCG are left as exercises To prove
Inn G a AutCG we use the normal subgroup

test het ye AutCG and Fae Inn G for
Some AE G

Claim g face C Inn G
So we want to prove that F b E G s t DfaD fb
for that b het eyeG Then

stay g y faces1cg

y a g g a by the defnof
Fa

yca D.by g yea



Gla g yea

So from this we see that if we choose

b Sca then

yfay b g b Fb e Inn G
Hence Inn G 4 Aut G

In the next lecture we'll compute Aut G

and Inn G for specificgroups and then proceed
to under homomorphisms

O X X O


